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Polymer materials, such as polyvinylidene fluoride (PVDF), can be polarized during or after the
3D printing process, making them suitable for producing electroactive metamaterials. A 3D-
printed periodic lattice made of such a piezoelectric (PZ) material can then exhibit electroac-
tivity that differs from that of the original material. One example is flexoelectricity, in which
the electric polarization is coupled with the strain gradient instead of the strain. Designing such
periodic lattices requires the ability to perform numerical simulations efficiently. Towards this
goal, an approach based on iterative solvers preconditioned by state-of-the-art preconditioners
is presented below.

The FE discretization of a static linear piezoelasticity problem in terms of the displace-
ments u and potential p degrees of freedom (DOFs) leads to a linear system with the following

structure [5]:
K B” u| |f |

where K is the stiffness matrix, B is the piezoelastic coupling matrix, C is the electrostatic
potential matrix, and f is the volume forces vector.

While the system (1) can be solved using a direct solver for problems of small to moderate
size, for large problems an iterative solver is necessary. Here the flexible generalized mini-
mal residual method (FGMRES) is considered, as implemented in PETSc [2] and used via the
petsc4py Python interface [7], together with two preconditioners:

1. a simple block diagonal (BD) preconditioner [8]

K 0
Ppp = { 0 C} , @)
2. the cell-by-cell Schur complement (CBCS) preconditioner [3]
K 0
P = 3
CBCS { B Scpe } (3)

where Scpc = Z C.+ BeTKnge, and T, are the elements of the FE domain 2;,.
Te€Qp

The performance of these solvers is compared to the direct solver MUMPS [1] in terms of
memory usage and elapsed time.
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level O 1 2 3
#of DOFs: u: 3426, p: 1142 w: 19374, p: 6458 u: 125130, p: 41710 u: 886266, p: 295422
# of DOFs: total: 4568 total: 25832 total: 166 840 total: 1181 688

Fig. 1. Lattice geometry, uniform mesh refinement levels and their respective DOF counts

The numerical example is implemented using the open-source finite element code SfePy [4,
6]. This package was recently enhanced [5] to support preconditioners such as (3) in order to
allow efficient modeling of 3D printed lattice-like electroactive metamaterials. Various lattices
can be constructed by tiling a reference periodic cell (RPC) such as the one shown for various
levels of uniform mesh refinement in Fig. 1.

The RPC lattice was fixed in the bottom plane, a voltage of 1 000 V was applied to the upper
surfaces of the skewed bars and 0 V to the lower surfaces of these bars. The performance of the
direct solver MUMPS and the preconditioned iterative solvers BD-FGMRES, CBCS-FGMRES
was evaluated for the meshes in Fig. 1. The relative tolerance of FGMRES was set to 1078, The
preliminary results shown in Fig. 2 indicate the following:

1. The global convergence of BD-FGMRES and CBCS-FGMRES does not depend on the
refinement level, consistently with results published in [8].

2. The iterative solvers need less memory, but the problem sizes are still too small to have
an advantage in speed.

Note that the solvers were limited to use only one thread/process (no automatic paralleliza-
tion). The preconditioned iterative solvers are a necessity for large problems such as the ones
illustrated for different tiling arrangements of the RPC in Fig. 3.
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