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Abstract

In this work we presenta robust and accuratemethodfor the computationof centerlinesinside branching
tubularobjectsstartingfrom a piecewiselinearrepresentationof theirboundary. Thealgorithmis basedonsolving
theEikonalequationontheVoronoidiagramembeddedinto theobject,with wavefrontspeedinverselyproportional
to Voronoiball radiusvalues.As a result,provably accuratecenterlinesandmaximalinscribedball radiusvalues
alongthemareprovided. In the sameframework, a methodfor local surfacecharacterizationis alsodeveloped,
allowing robustcomputationof thedistanceof surfacepointstocenterlinesanddisclosingtherelationshipof surface
pointswith centerlines.A new surface-basedquantityis �nally proposed,thenormalizedtangencydeviation, which
providesa scale-invariantcriterionfor surfacecharacterization.Thedevelopedmethodsareappliedto 3D models
of vascularsegmentsin thecontext of patient-speci�canatomicalcharacterization.
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1 Intr oduction

Giventhein�uence of geometryon �uid dynamicsand
thegreatinter-individual anatomicvariability of blood
vessels,characterizationof bloodvesselgeometryis an
important step towards a better understandingof the
factorsinvolved in vascularpathology. This kind of
analysismustbeperformedat differentlevelsof detail
– syntheticparametersquantifyinggeometricfeatures,
suchasstenosisgrade,arerequiredin diagnosticimag-
ing; vesselaxisde�nition andlocalradiusmeasurement
areimportantto synthesizethegeometryof thevascu-
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lar surface,in orderstudyhow differentvesselglobal
con�gurationsundergo differentpathologicalhistories
on populationsof subjects;local geometriccharacter-
ization of vesselsurfaceis necessaryto documentthe
progressionof vasculardiseaseandto look for typical
local geometricfeaturesassociatedwith diseaseinitia-
tion.

In this work we presenta methodto performcenter-
line computation,local radiusmeasurementand local
surfacecharacterizationin a singleframework, andin a
robustandaccurateway. Our startingpoint is a polyg-
onal surfacerepresentingthe vascularwall. Our tech-
niqueis basedon solvingweightedgeodesicproblems
on an approximationof the medialaxis of tubular ob-
jects.

2 Methods

2.1 Centerline computation

Centerlinecan be de�ned as the line drawn between
two sectionsof a tubular structurewhich maximizethe
distancefrom theboundary. Theproblemof centerline
computationinsideanobjectW � Â 3 canthereforebe



formulatedas looking for a pathC � C
�

s� tracedbe-
tweentwo points p1 and p2 for which the following
functional
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is minimal, whereF
�

x � is a scalar�eld which is lower
for moreinternalpoints,for exampleadecreasingfunc-
tion of the distancetransformassociatedwith W, de-
�ned as
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where
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denotesthe Euclideandistance,and ¶W the
boundaryof W. It is possibleto demonstrate[Ant03]
that by choosingF

�

x ��� DT �

1 �

x � , centerlinesde�ned
asin Equation1 lie on the medialaxis of W, MA

�

W� ,
de�ned asthelocusof centersof themaximalinscribed
ballsin W, whereaninscribedball is maximalif it is not
strictly containedin any other inscribedball. Dealing
with piecewise linearapproximationsof ¶W, a method
to obtainanapproximationof themedialaxisof Wis to
computetheembeddedVoronoidiagramof apointsetP
denselysampling¶W([AM97]). TheVoronoidiagram
of P is de�ned as

Vor
�
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�
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whereV
�

p � is theVoronoiregion associatedwith point
p, de�ned as

V
�

p ����� x � Â 3 :
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In 3D, the Voronoi diagramis a non-manifoldsurface
madeup of convex polygons,whoseverticesare the
centersof themaximalemtpy ballswith respectto point
setP, whoseradiusis indicatedby R

�

x � . Computation
of the embeddedVoronoi diagramwas performedby
�rst computingtheDelaunaytessellationof P, Del

�

P� ,
removing the tetrahedrawhosecircumcenterfalls out-
side the object (using outward surface normals)and
thenconstructingonly thoseVoronoi polygonswhose
vertex loopsarecomplete.

Wethensolvedtheproblemin Equation1 ontheem-
beddedVoronoi diagram,taking F

�

x ��� R
�

1 �

x � , with
anapproachsimilar to thatpresentedin [DC01] for the
computationof centerlinesin 3D images. As shown
in [CK97], thestrongformulationof Equation1 is the
Eikonalequation
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with boundarycondition T
�

p0 � � 0. Equation5 is a
nonlinearpartial hyperbolicequationthat models�rst
arrival times of a wavefront propagatingover the do-
main with speedF

�

1 �

x � . A very effecient method
for the solution of the Eikonal equationis the Fast

Marching Method ([Set99]), basedon upwind �nite-
differenceapproximation,originally developedfor or-
thogonalgrids and successively extendedto triangu-
latedmanifolds([KS98]). In orderto solvetheproblem
ontheVoronoidiagram,weextendedtheFastMarching
Methodto polygonalnon-manifolds[Ant03], in which
morethantwo polygonscansharea point or an edge.
Once the Eikonal equationis solved over the whole
Voronoi diagramwith boundaryconditionT

�

p0 � � 0,
centerlinesareobtainedby backtracinga pathfrom p1
alongthedirectionof maximumdescentof T

�

x � . The
resultingcenterlineis apiecewiselinearline de�ned on
VorE

�

P� , whoseverticeslie onVoronoipolygonbound-
aries. Moreover, valuesof VoronoisphereradiusR

�

x �

arede�ned on centerlines,so thatcenterlinepointsare
associatedwith maximalinscribedspheres.

2.2 Geometricanalysis

In this sectionwe show how thetechniquesintroduced
so far canbe further developedto geometricallychar-
acterizethe surfaceof interconnectedtubular objects.
Wedothatby relatingcenterlinesto surfacepoints(and
vice-versa)on theembeddedVoronoidiagramdomain.
Theideais to takeadvantageof Voronoidiagramtopol-
ogy in evaluatingthe distancefrom surfacepoints to
centerlines,thereforeovercomingtheproblemsarising
whensimply calculatingminimum Euclideandistance
in complex geometries.Themethodis subdividedinto
two steps,the �rst of which is computingthe distance
from embeddedVoronoidiagrampointsto centerlines,
andthe second�nding a correspondencebetweensur-
facepointsandembeddedVoronoidiagrampoints.

Computationof the distance,measuredon the em-
beddedVoronoidiagram,from embeddedVoronoidia-
grampointsto centerlinesis performedby solving the
Eikonalequation
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with boundaryconditionT̃
�

C ��� 0, whereC standsfor
centerlines. Equation6 returnsthe geodesicdistance
�eld T̃

�

x � oneachpoint of VorE
�

P� .
Thecorrespondencebetweensurfacepointsandem-

beddedVoronoi diagrampoints is thengiven in terms
of poles. The polesof a surfacepoint are de�ned as
its farthestinnerandouterVoronoivertices([ACK01]).
Sincewe areworking with the embeddedVoronoi di-
agram,only the inner fathestVoronoivertex is consid-
ered,heredenotedaspole

�

p � . In 3D the setof poles
of P convergesto themedialaxisof Wwhensampling
densitytendsto in�nity ([ACK01]). Moreover, thedi-
rection

�

pole
�

p �"! p � approximatesthe inwardsurface
normalin p, andleadsfrom p to to thedeepestVoronoi
vertex aroundp. As a result, we de�ne the geodesic



distancefrom surfacepointsto centerlinesas
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Correspondencebetweensurfacepointsandcenterlines
is thenperformedby tracinga pathfrom eachsurface
point p to pole

�

p � , andfrom thatto centerlinesfollow-
ing thesteepestdescentof T̃

�

x � . Theendpointc
�

p � of
the path startingin p is thereforethe centerlinepoint
geodesicallynearestto p. Oncec

�

p � is identi�ed, the
Euclideandistanceof surfacepointsto centerlinescan
be computedasDe

�

p � �




c
�

p �"! p



. From suchcorre-
spondence,surfacepointscanbecharacterizedaccord-
ing to theirbelongingto differentcenterlinebranchesor
to thepositionalongcenterlines.

Last,we de�ne a new surface-basedquantity, named
normalizedtangencydeviation, as
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�

p ���

T̃
�

pole
�

p �	�

Dg
�

p �

(8)

which is a normalizedmeasureof how far a surface
is from being tangentto a maximal inscribedball at
a given point p, independentlyfrom object scale. It
is possibleto demonstratethat for a cylinder with el-
liptical baseNTD only dependson ellipseeccentricity
[Ant03]. NTD is thereforea scale-independentparam-
eterfor thecharacterizationof surfacefeatures.

3 Results

We �rst validatedthe techniquespresentedabove ap-
plying themto circularandelliptical basecylindersfor
differentaspectratiosof thebaseellipses(seeTable1),
andfor differentsamplingpointdensities(seeTable2).
The resultsshow that the algorithm performancede-
creaseswhenthe sectionhasa low aspectratio. This
is due to the fact that in thesecasesF

�

x � is near to
beconstantover themedialaxisaroundthecenterline,
so that line positionis moresensitive to numericalar-
tifacts. The correctednessof the interpretationis con-
�rmed by thefact thatmaximalinscribedball radiusis
accuratelycomputedeven in low aspectratio models.
As to dependencefrom point samplingdensity, the re-
sults show how the algorithm is very roust when the
sectionis circular, while for loweraspectratioelliptical
sectionsa goodperformancerelieson anadequatesur-
facesamplingdensity. It mustbenoted,however, how
thedensityrequiredfor accurateresultsis not high (30
pointson sectionedge,which roughlymeansonepoint
every 12 degreesalongthe sectionedge). High maxi-
mal inscribedball radiusmeasurementerrorfor ellipti-
cal basecylindersof low meshdensityis causedby the
factthatin thiscaseVoronoiballsarenot tangentto the
surface,but ratherintersectit betweensamplingpoints,
thusoverestimatingrealinscribedball radius.

Aspect Error% � µ
�

s ���

ratio Centerline Radius
5/5 0.01(0.02) 0.03(0.06)
4/5 0.24(0.19) 0.33(0.04)
3/5 0.84(0.78) 0.57(0.04)
2/5 2.17(1.34) 0.96(0.17)

Table1: Validationresultsfor elliptical basecylinders
of different aspectratio (semiminorto semimajorra-
tio). Percenterrorsof centerlinepositionandmaximal
inscribedball radius along centerlineare normalized
againstcylindermaximumandminimumradiusrespec-
tively.

Vertex no Error% � µ
�

s ��� Time
edge(tot) Centerline Radius (s)

A

40(2975) 0.01(0.02) 0.03(0.06) 12.34
30(1693) 0.02(0.03) 0.10(0.15) 5.86
20(757) 0.02(0.04) 0.25(0.35) 1.97
10(198) 0.44(0.33) 1.38(1.20) 0.31

B

40(3628) 0.84(0.78) 0.57(0.04) 6.20
30(2073) 0.74(0.72) 1.01(0.08) 3.18
20(934) 2.88(1.95) 2.08(0.19) 1.21
10(239) 4.42(4.68)* 7.48(0.79) 0.26

Table2: Validationresultsfor circular(A) andelliptical
(aspectratio3/5) (B) basecylindersof differentsurface
meshdensity. Percenterrorsof centerlinepositionand
maximalinscribedball radiusalongcenterlinearenor-
malizedagainstcylinder maximumand minimum ra-
diusrespectively.

Figure 1: Left: abdominalaorta model and its em-
beddedVoronoidiagram;colorsrepresentVoronoiball
radiusvalues. Middle: solution of the Eikonal equa-
tion from aortainlet (upperoutermostsection)on the
Voronoi diagram. Right: centerlinesbacktracedfrom
theoutletsto theinlet.



Figure2: Left: solutionof the Eikonal equationwith
unit speedfrom thecenterlinesontheVoronoidiagram.
Middle: geodesicdistanceof surfacepoints to center-
linesDg. Right: NTD distribution.

We then applied the presentedtechniquesto a
modelof abdominalaortareconstructedfrom contrast-
enhanced3D MR angiographyusing a level set ap-
proach. The stepsleadingto the computationof cen-
terlinesareshown in Fig. 1, while geometriccharacter-
ization phaseis depictedin Fig. 2. It is worth to note
how normalizedtangency deviation distribution is ef-
fective in evidencingsurfaceirregularitiesin a scale-
indepententway.

Maximal inscribedballsaredepictedin Fig. 3 in two
positionsalongthecenterlinetracedfrom aortainlet to
celiacoutlet. In particular, Fig. 3 left andmiddledepict
thesamesphereviewedin two differentprojections,ev-
idencingthe relationshipfrom maximal inscribedball
radius measurementand minium projection diameter
measurement,which is employed in the clinical prac-
tice on classicangiographicimages.Minimum projec-
tion diametermeasurementin fact consistsin �nding
the minimum diameterof a vesselin a given position
amongangiographicimagestakenfrom differentorien-
tations.

4 Discussion

In this work we presenteda generalapproachto char-
acterizethegeometryof objectscomposedof intercon-
nectingtubularstructuresgiventheir boundarysurface.
Themethodrelieson solvingweightedgeodesicscom-
putationproblemsover theapproximationof theobject
medialaxis. Centerlinesarecomputedaccuratelyand
in a robustway andlocal surfacecharacterizationwith
respectto the computedcenterlinesis provided in the
sameframework.

Figure3: Maximalinscribedballsalongacenterlinefor
theabdominalaortamodel. Left andmiddle: thesame
sphereis depictedfrom two differentorientations.

The methodsarecurrentlyemployed in the �eld of
geometricanalysisof vascularstructures,in order to
characterizepatient-speci�cvascularanatomyanddoc-
ument the alterationsdue to pathologicalconditions,
suchasatheroscleroticplaqueor aneurysmevolution.
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